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We review recent work on how the superfluid state of three flavor quark matter is
affected by non-zero quark masses and chemical potentials.

1 Imtroduction

The study of hadronic matter at high baryon density has recently attracted
a lot of interest. At zero baryon density chiral symmetry is broken by a
quark-anti-quark condensate. At high density condensation in the quark-
anti-quark channel is suppressed. Instead, attractive interactions in the color
anti-symmetric quark-quark channel favor the formation of diquark conden-
sates. As a consequence, cold dense quark matter is expected to be a color
superconductor!:?3, The symmetry breaking pattern depends on the den-
sity, the number of quark flavors, and their masses. A particularly symmetric
phase is the color-flavor-locked (CFL) phase of three flavor quark matter?.
This phase is believed to be the true ground state of ordinary matter at very
large density®®”,
The CFL phase is characterized by the order parameter

(43,04} ;) = —(ak iCak ;) = ¢ (677 — 676%) . (1)

This order parameter breaks both the global SU(3)r x SU(3)r x U(l)y fla-
vor symmetry and the local SU(3)¢ color symmetry of QCD. As a result, all
fermions are gapped and all gluons acquire a mass via the Higgs mechanism.
Color-flavor-locking leaves a vectorial SU(3)y unbroken. This symmetry is
the diagonal subgroup of the original SU(3)r, x SU(3)r x SU(3)c symmetry.
This means that the color-flavor-locked phase exhibits the chiral symmetry
breaking patters SU(3) x SU(3)r — SU(3)v, just like QCD at zero baryon
density. However, the mechanism of chiral symmetry breaking is quite un-
usual. The primary order parameter (1) does not couple left and right-handed
quarks. Chiral symmetry is broken because both left and right-handed flavor
are “locked” to color, and because color is a vectorial symmetry.

At baryon densities relevant to astrophysical objects distortions
of the pure CFL state due to non-zero quark masses are probably
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important®%1%11:12 Tn the present work we wish to study this problem using
the effective chiral theory of the CFL phase!® (CELxTh).

2 CFL Chiral Theory (CFLxTh)

For excitation energies smaller than the gap the only relevant degrees of free-
dom are the Goldstone modes associated with the breaking of chiral symmetry
and baryon number. The interaction of the Goldstone modes is described by
an effective Lagrangian of the form!3

9
Lt = %”pf [VoEVeZ! — v26,26,%1] + [AlTr(]\/IET)’I‘r(MET) (2)

+ A Tr(METMET) 4+ AsTe(MEN)T(MTE) + h.c.] +....

Here £ = exp(i¢® A%/ fr) is the chiral field and f; is the pion decay constant.
We have suppressed the singlet fields associated with the breaking of the exact
U(1)v and approximate U(1) 4 symmetries. The theory (2) looks superficially
like ordinary chiral perturbation theory. There are, however, some important
differences. Lorentz invariance is broken and Goldstone modes travel with
the velocity vx < ¢. In the CFL phase the ordinary chiral condensate (1)
is small and the dominant order parameter for chiral symmetry breaking is
{(1)?). As a consequence, the coefficient of Tr(MX) is exponentially small
and the leading mass terms are quadratic in M.

The pion decay constant fr and the coefficients A; 5 3 can be determined
using matching techniques. Matching expresses the requirement that Green
functions in the effective chiral theory and the underlying microscopic theory,
QCD, agree. The pion decay constant is most easily determined by coupling
gauge fields Wi g to the left and right flavor currents. As usual, this amounts
to replacing ordinary derivatives by covariant derivatives. The time compo-
nent of the covariant derivative is given by Vo2 = g X+ iW X — S Wk where
we have suppressed the vector index of the gauge flelds. In the CFL vacuum
3 =1 the axial gauge field Wi —Wg acquires a mass by the Higgs mechanism.
From (2) we get

2
L= -’%’L —;—(WL — Wgr)~. (3)
The coefficients A; 33 can be determined by computing the shift in the vac-
num energy due to non-zero quark masses in both the chiral theory and the
microscopic theory. In the chiral theory we have

AE = — [Al (Te(M))? + Ay Tr(M?) + AsTe(M)Tr(M1) + h..c.]. (4)
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3 High Density Effective Theory (HDET)

In this section we shall determine the mass of the gauge field and the shift in
the vacuum energy in the CFL phase of QCD at large baryon density. This is
possible because asymptotic freedom guarantees that the effective coupling is
weak. The QCD Lagrangian in the presence of a chemical potential is given
by

T i T l 1 a =4
L =1 (i} + pyo) ¥ — pr Mg — M r, — 1 G (5)

where M is a complex quark mass matrix which transforms as M — LM R}
under chiral transformations (L, R) € SU(3)1 x SU(3)r and p is the baryon
chemical potential. If the baryon density is very large perturbative QCD cal-
culations can be further simplified. The main observation is that the relevant
degrees of freedom are particle and hole excitations in the vicinity of the Fermi
surface. We shall describe these excitations in terms of the field ¥, (¥F, ),
where ¥p is the Fermi velocity. At tree level, the quark field 9 can be decom-
posed as 3 = 94 + _ where Yy = %(1 4 & - 0p)9. Integrating out the ¥_
field at leading order in 1/pr we get!®1516

; A ai j
£ =g} (iv-DYpry — 5 (¥E, CUF, (Guidsy — dajdus) +hoc.)
1 _
- 2TF¢'}+ (DL + MM+ (R LM & M) +...,(6)

where Dy, = 8, + igA,, vy = (1,%) and ¢, j,... and a,b, ... denote flavor and
color indices. The longitudinal and transverse components of v, are defined
by (v0,7)) = (70,8(7 - ¥)) and (y4)1 = s — (74))- In order to perform
perturbative calculations in the superconducting phase we have added a tree
level gap term ¥ rRCAYL R.

The mass of a flavor gauge field can be determined by computing the
corresponding polarization function in the limit ¢o = 0, ¢ — 0. We find TI§§ =
NEE = —EE = m% /4 with m% = (21 — 8log(2))p%/(367%). Matching

against equ. (3) we get!”
21 — 81log(2) [/ p?
=Bt (1) g

Our next task is to compute the mass dependence of the vacuum energy. To
leading order in 1/pp there is only one operator in the high density effective
theory

1
2pF

(Lo MM oy + gl MEM YRy ). (8)
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This term arises from expanding the kinetic energy of a massive fermion
around p = pr. We note that MMT/(2pr) and MTM/(2pF) act like ef-
fective chemical potentials for left and right-handed fermions, respectively.
Indeed, to leading order in the 1/pr expansion, the Lagrangian (6) is invari-
ant under a time dependent flavor symmetry ¥r — L(¢)9¥r, ¥r — R(t)Yr
where X, = MM1/(2pr) and Xp = MTM/(2pF) transform as left and right-
handed flavor gauge fields. If we impose this approximate gauge symmetry
on the CFL chiral theory we have to include the effective chemical potentials
X g in the covariant derivative of the chiral field,

1t vay?
VOE:602+~1T(MM )E—iE(M M). (9)
2pr 2pr
X1, and Xg contribute to the vacuum energy at O(M*)
2
A€ = 82; T [(MMYMTM) ~ (MMT)?]. (10)
F

This result can also be derived directly in the microscopic theory!!. This
means that we do not have to rely on the effective gauge symmetry in order
to derive (9). O(M?) terms in the vacuum energy are generated by terms in
the high density effective theory that are higher order in the 1/pr expansion.
We recently argued that these terms can be determined by computing chirality
violating quark-quark scattering amplitudesin QCD®. At leading order in the
1/pr expansion the chirality violating scattering amplitude can be represented
as an effective four-fermion operator

q° At~ Bl Cr D\pABCD at By, ¢t . D\fACBD
L= gﬁ(( L Cyr YWrCyg)L + (V7 YL)(¥g ¢r)T )
+(L<—>R,M<—>MT). (11)

Here, we have introduced the CFL eigenstates y# defined by ¢¢ =
YA (A)ai/V2, A=0,...,8. The tensors I is defined by

r4560 = {1y DA MOP) AP M (] (12)
- éTr [XAM(AP)T] e (AP M(A9)T] }

The tensor I involves both M and M7 and only contributes to field indepen-
dent terms Tr[M M1] in the vacuum energy. We can now compute the shift
in the vacuum energy due to the effective vertex (11). The result

3A2

Ag=-"= {(Tr[M])z _ Ty [M?]} + (M & mt) (13)
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determines the coefficients A; 3 in the CFL chiral theory. We find
3A?

= 4z

Ay = —Ay A3 =0, (14)

which agrees with the result of Son and Stephanov'”.

4 Kaon Condensation

Using the results discussed in the previous section we can compute the masses
of Goldstone bosons in the CFL phase. We have argued that the expansion
parameter in the chiral expansion of the Goldstone boson masses is'! § =
m?/(prA). The first term in this expansion comes from the O(M?) term in
(2), but the coeflicients A contain the additional small parameter ¢ = (A/pp).
In a combined expansion in § and ¢ the O(ed) mass term and the O(42)
chemical potential term appear at the same order. At this order, the masses
of the flavored Goldstone bosons are

5 s q1/2
— Mg = 44 .

Mpt = :F'Wu' -+ _E‘(mu + md)ms- s

2,2 [ 4 q1/2
my, = q:% + -f—?md(mu + ms)- , (15)

m?—m? [44 17

Mgo go ::F2PT+ Fm'u(m'd'i‘mfs) .

L J T

We observe that the pion masses are not strongly affected by the effective
chemical potential but the masses of the Kt and K° are substantially lowered
while the K~ and K9 are pushed up. As a result the K+ and K°® meson
become massless if m; ~ mll/ SAz/ 3. For larger values of m, the kaon modes
are unstable, signaling the formation of a kaon condensate.

Once kaon condensation occurs the ground state is reorganized. For sim-
plicity, we consider the case of exact isospin symmetry m, = mq & m. The
most general ansatz for a kaon condensed ground state is given by

¥ = exp (1 [cos(81)Ag + sin(f; ) cos(62)As
+ sin(6; ) sin(f2) cos(@)As + sin(f1) sin(82) sin{@)A7]) . (16)

With this ansatz the vacuum energy is given by

| o (1 (mi—m? ? 2 0\2 -
Vie)=—f; 5(——5;;———> sin(a)” + (mg)*(cos{a) — 1) | , (17)
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where (m%)? = (4A4/f2)my,a(muq + m,) is the O(M?) kaon mass in the
limit of exact isospin symmetry. Minimizing the vacuum energy we obtain
a=0if m}/(2pr) < my and cos(a) = (m%)?/u;; with pesp = m2/(2pr) if
Pess > mY% . We observe that the vacuum energy is independent of 8y, 6, .
The hypercharge density is given by

m4
ny = frpesy (1 - p4K ) ; (18)

eff

where pes; = m2/(2pr). We observe that within the range of validity of the
effective theory, prefs < A, the hypercharge density satisfies ny < Ap/(27).
The upper bound on the hypercharge density in the condensate is equal to the
particle density contained within a strip of width A around the Fermi surface.

The symmetry breaking pattern is SU(2); x U(l)y — U(1) where [ is
isospin and Y is hypercharge. This corresponds to three broken generators.
However, there are only two Goldstone modes, the K° and the K+. This
mismatch is related to the dispersion relations of the Goldstone modes!®2°,
The K° is a standard Goldstone mode with w ~ p whereas the Kt is an
anomalous mode with w ~ p?. As explained in more detail in?? the appearance
of an anomalous Goldstone mode is related to the fact that the kaon condensed
groundstate has a non-zero expectation value of isospin.

5 Summary

We have studied the groundstate of CFL quark matter for non-zero
quark masses. We have argued that there is a new scale m?/(2pp) ~
/M, dTs (A/pr) which corresponds to the onset of kaon condensation. For
m2/(2pr) ~ 1 CFL pairing breaks down completely. These results can be
established using just dimensional analysis. If perturbation theory is reliable
we can be more quantitative. To leading order in g, the critical strange quark
mass for kaon condensation is

Mg |rie = 3.03 - m/2A%3, (19)

This result suggests that for values of the strange quark mass and the gap
that are relevant to compact stars CFL matter is likely to support a kaon
condensate.

It is instructive to compare kaon condensation in CFL matter with the
kaon condensate discussed by Kaplan and Nelson®!. Kaplan and Nelson sug-
gested kaon condensation as a path from ordinary hadronic matter, which
has a deficit of strange quarks, to strange quark matter. Ideal CFL matter
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has exactly equal numbers of up, down and strange quarks®>. However, if
the strange quark mass is non-zero then ideal CFL matter is oversaturated in
strangeness. CFL kaon condensation is a way for CFL matter to reduce its
strangeness' content.
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